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Permutations and Combinations 

Type Formulas Explanation of Variables Example 

Permutation with 

repetition 
 

(Use permutation 

formulas when order 

matters in the problem.) 

   Where n is the number of things to choose from, and you 

choose r of them.   

A lock has a 5 digit code. Each digit is 

chosen from 0-9, and a digit can be 

repeated. How many different codes 

can you have?   
 

n = 10, r = 5 

10
5 
= 100,000 codes 

Permutation without 

repetition 
 

(Use permutation 

formulas when order 

matters in the problem.) 

  

(   ) 
 

Where n is the number of things to choose from, and you 

choose r of them. Sometimes you can see the following 

notation for the same concept:

 

How many ways can you order 3 out of 

16 different pool balls? 
 

n = 16, r = 3 
   

(    ) 
            

 

Combination with 

repetition 
 

(Use combination 

formulas when order 

doesn’t matter in the 

problem.) 

(     ) 

  (   ) 
 

Where n is the number of things to choose from, and you 

choose r of them.   

If there are 5 flavors of ice cream and 

you can have 3 scoops of ice cream, 

how many combinations can you have? 

You can repeat flavors. 
 

n = 5, r = 3 
(     ) 

  (   ) 
                 

Combination 

without repetition 
 

(Use combination 

formulas when order 

doesn’t matter in the 

problem.) 

  

  (   ) 
 

Where n is the number of things to choose from, and you 

choose r of them. Sometimes you can see the following 

notation for the same concept: 

 

The state lottery chooses 6 different 

numbers between 1 and 50 to 

determine the winning numbers. How 

many combinations are possible? 
 

n = 50, r = 6 
   

  (    ) 
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Examples 

1) Mr. Smith is the chair of a committee. How many ways can a committee of 4 be chosen from 9 people given that Mr. Smith must 

be one of the people selected? 

Mr. Smith is already chosen, so we need to choose another 3 from 8 people. In choosing a committee, order doesn't matter, so we need the 

combination without repetition formula. 
  

  (   ) 
 = 

  

  (   ) 
 = 56 ways 

2) A certain password consists of 3 different letters of the alphabet where each letter is used only once. How many different possible 

passwords are there? 

Order does matter in a password, and the problem specifies that you cannot repeat letters. So, you need a permutations without repetitions formula.  

The number of permutations of 3 letters chosen from 26 is 
  

(   ) 
 = 

   

(    ) 
 = 15,600 passwords 

3) A password consists of 3 letters of the alphabet followed by 3 digits chosen from 0 to 9. Repeats are allowed. How many different possible 

passwords are there? 

Order does matter in a password, and the problem specifies that you can repeat letters. So, you need a permutations with repetitions formula.   

 

The different ways you can arrange the letters =            17,576 

The different ways you can arrange the digits =          = 1,000 

So the number of possible passwords = 17,576 × 1,000 = 17,576,000 passwords 

4) An encyclopedia has 6 volumes. In how many ways can the 6 volumes be placed on the shelf? 

This problem doesn’t require a formula from the chart. Imagine that there are 6 spots on the shelf. Place the volumes one by one. 

 

The first volume to be placed could go in any 1 of the 6 spots. The second volume to be placed could then go in any 1 of the 5 remaining spots, and so on. So the 

total number of ways the 6 volumes could be placed is  

6! = 6 × 5 × 4 × 3 × 2 × 1 = 720 ways 
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1. Sets
A set is any collection of objects. Here, the word ‘object’ is used in its most general sense: an object
may be a diode, an aircraft, a number, or a letter, for example.
A set is often described by listing the collection of objects - these are the members or elements of
the set. We usually write this list of elements in curly brackets, and denote the full set by a capital
letter. For example,

C = {the resistors produced in a factory on a particular day}
D = {on, off}
E = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}

The elements of set C, above, are the resistors produced in a factory on a particular day. These
could be individually labeled and listed individually but as the number is large it is not practical or
sensible to do this. Set D lists the two possible states of a simple switch, and the elements of set E
are the digits used in the decimal system.
Sometimes we can describe a set in words. For example,

‘A is the set all odd numbers’.

Clearly all the elements of this set A cannot be listed.
Similarly,

‘B is the set of binary digits’ i.e. B = {0, 1}.
B has only two elements.

A set with a finite number of elements is called a finite set. B, C, D and E are finite sets. The set
A has an infinite number of elements and so is not a finite set. It is called an infinite set.

Two sets are equal if they contain exactly the same elements. For example, the sets {9, 10, 14} and
{10, 14, 9} are equal since the order in which elements are written is unimportant. Note also that
repeated elements are ignored. The set {2, 3, 3, 3, 5, 5} is equal to the set {2, 3, 5}.

Subsets

Sometimes one set is contained completely within another set. For example if X = {2, 3, 4, 5, 6} and Y =
{2, 3, 6} then all the elements of Y are also elements of X. We say that Y is a subset of X and
write Y ⊆ X.

Example 1
Given A = {0, 1, 2, 3}, B = {0, 1, 2, 3, 4, 5, 6} and C = {0, 1}, state which sets
are subsets of other sets.

Solution

A is a subset of B, that is A ⊆ B

C is a subset of B, that is C ⊆ B

C is a subset of A, that is C ⊆ A.

HELM (2008):
Section 35.1: Sets
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Task

A factory produces cars over a five day period; Monday to Friday. Consider the
following sets,

(a) A = {cars produced from Monday to Friday}
(b) B = {cars produced from Monday to Thursday}
(c) C = {cars produced on Friday}
(d) D = {cars produced on Wednesday}
(e) E = {cars produced on Wednesday or Thursday}

State which sets are subsets of other sets.

Your solution

Answer

(a) B is a subset of A, that is, B ⊆ A.

(b) C is a subset of A, that is, C ⊆ A.

(c) D is a subset of A, that is, D ⊆ A.

(d) E is a subset of A, that is, E ⊆ A.

(e) D is a subset of B, that is, D ⊆ B.

(f) E is a subset of B, that is, E ⊆ B.

(g) D is a subset of E, that is, D ⊆ E.

4 HELM (2008):
Workbook 35: Sets and Probability
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The symbol ∈∈∈
To show that an element belongs to a particular set we use the symbol ∈. This symbol means is a
member of or ‘belongs to’. The symbol 6∈ means is not a member of or ‘does not belong to’.

For example if X = {all even numbers} then we may write 4 ∈ X, 6 ∈ X, 7 6∈ X and 11 6∈ X.

The empty set and the universal set
Sometimes a set will contain no elements. For example, suppose we define the set K by

K = {all odd numbers which are divisible by 4}

Since there are no odd numbers which are divisible by 4, then K has no elements. The set with no
elements is called the empty set, and it is denoted by ∅.
On the other hand, the set containing all the objects of interest in a particular situation is called the
universal set, denoted by S. The precise universal set will depend upon the context. If, for example,
we are concerned only with whole numbers then S = {· · · − 5,−4,−3,−2,−1, 0, 1, 2, 3, 4, 5, . . . }.
If we are concerned only with the decimal digits then S = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}.

The complement of a set
Given a set A and a universal set S we can define a new set, called the complement of A and
denoted by A′. The complement of A contains all the elements of the universal set that are not in
A.

Example 2
Given A = {2, 3, 7}, B = {0, 1, 2, 3, 4} and S = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} state
(a) A′ (b) B′

Solution

(a) The elements of A′ are those which belong to S but not to A.

A′ = {0, 1, 4, 5, 6, 8, 9}
(b) B′ = {5, 6, 7, 8, 9}

Sometimes a set is described in a mathematical way. Suppose the set Q contains all numbers which
are divisible by 4 and 7. We can write

Q = {x : x is divisible by 4 and x is divisible by 7}

The symbol : stands for ‘such that ’. We read the above as ‘Q is the set comprising all elements x,
such that x is divisible by 4 and by 7’.

HELM (2008):
Section 35.1: Sets
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2. Venn diagrams
Sets are often represented pictorially by Venn diagrams (see Figure 1).

A B

S

D
C

Figure 1

Here A, B, C,D represent sets. The sets A, B have no items in common so are drawn as non-
intersecting regions whilst the sets C, D have some items in common so are drawn overlapping.
In a Venn diagram the universal set is represented by a rectangle and sets of interest by area regions
within this rectangle.

Example 3
Represent the sets A = {0, 1} and B = {0, 1, 2, 3, 4} using a Venn diagram.

Solution

The elements 0 and 1 are in set A, represented by the small circle in the diagram. The large circle
represents set B and so contains the elements 0,1,2,3 and 4. A suitable universal set in this case is
the set of all integers. The universal set is shown by the rectangle.

Note that A ⊆ B. This is shown in the Venn diagram by A being completely inside B.

A

B

0
12

3
4

S

Figure 2: The set A is contained completely within B

6 HELM (2008):
Workbook 35: Sets and Probability
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Task

Given A = {0, 1} and B = {2, 3, 4} draw Venn diagrams showing
(a) A and B (b) A′ (c) B′

Your solution

(a)

Answer
Note that A and B have no elements in common. This is represented pictorially in the Venn

diagram by circles which are totally separate from each other as shown in the diagram.

A B

0
1

2
3
4

S

Your solution

(b)

Answer
The complement of A is the set whose elements do not belong to A. The set A′ is shown shaded

in the diagram.

AA A’

S

The complement of A contains elements which are not in A.

HELM (2008):
Section 35.1: Sets
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Your solution

(c)

Answer
The set B′ is shown shaded in the diagram.

BB’

S

3. The intersection and union of sets

Intersection
Given two sets, A and B, the intersection of A and B is a set which contains elements that are
common both to A and B. We write A∩B to denote the intersection of A and B. Mathematically
we write this as:

Key Point 1

Intersection of Sets

A ∩B = {x : x ∈ A and x ∈ B}

This says that the intersection contains all the elements x such that x belongs to A and also x
belongs to B.

Note that A∩B and B ∩A are identical. The intersection of two sets can be represented by a Venn
diagram as shown in Figure 3.

8 HELM (2008):
Workbook 35: Sets and Probability
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A B

A ∩ B

S

Figure 3: The overlapping area represents A ∩B

Example 4
Given A = {3, 4, 5, 6}, B = {3, 5, 9, 10, 15} and C = {4, 6, 10} state

(a) A∩B, (b) B∩C and draw a Venn diagram representing these intersections.

Solution

(a) The elements common to both A and B are 3 and 5. Hence A ∩B = {3, 5}

(b) The only element common to B and C is 10. Hence B ∩ C = {10}

A

B
6

S

159

435

10

C

Figure 4

Task

Given D = {a, b, c} and F = {the entire alphabet} state D ∩ F .

Your solution

Answer
The elements common to D and F are a, b and c, and so D ∩ F = {a, b, c}
Note that D is a subset of F and so D ∩ F = D.

The intersection of three or more sets is possible, and is the subject of the next Example.

HELM (2008):
Section 35.1: Sets
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Example 5
Given A = {0, 1, 2, 3}, B = {1, 2, 3, 4, 5} and C = {2, 3, 4, 7, 9} state

(a) A ∩B (b) (A ∩B) ∩ C (c) B ∩ C (d) A ∩ (B ∩ C)

Solution

(a) The elements common to A and B are 1, 2 and 3 so A ∩B = {1, 2, 3}.
(b) We need to consider the sets (A ∩ B) and C. A ∩ B is given in (a). The elements

common to (A ∩B) and C are 2 and 3. Hence (A ∩B) ∩ C = {2, 3}.
(c) The elements common to B and C are 2, 3 and 4 so B ∩ C = {2, 3, 4}.
(d) We look at the sets A and (B ∩ C). The common elements are 2 and 3. Hence

A ∩ (B ∩ C) = {2, 3}.
Note from (b) and (d) that here (A ∩B) ∩ C = A ∩ (B ∩ C).

The example illustrates a general rule. For any sets A, B and C it is true that

(A ∩B) ∩ C = A ∩ (B ∩ C)

The position of the brackets is thus unimportant. They are usually omitted and we write A∩B ∩C.

Suppose that sets A and B have no elements in common. Then their intersection contains no
elements and we say that A and B are disjoint sets. We express this as

A ∩B = ∅

Recall that ∅ is the empty set. Disjoint sets are represented by separate area regions in the Venn
diagram.

Union
The union of two sets A and B is a set which contains all the elements of A together with all the
elements of B. We write A ∪ B to denote the union of A and B. We can describe the set A ∪ B
formally by:

Key Point 2

Union of Sets

A ∪B = {x : x ∈ A or x ∈ B or both}

10 HELM (2008):
Workbook 35: Sets and Probability
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Thus the elements of the set A∪B are those quantities x such that x is a member of A or a member
of B or a member of both A and B. The deeply shaded areas of Figure 5 represents A ∪B.

A B

A ∪ B

S

A B

A ∪ B

S

(a) (b)

Figure 5

In Figure 5(a) the sets intersect, whereas in Figure 5(b) the sets have no region in common. We say
they are disjoint.

Example 6
Given A = {0, 1}, B = {1, 2, 3} and C = {2, 3, 4, 5} write down

(a) A ∪B

(b) A ∪ C

(c) B ∪ C

Solution

(a) A ∪B = {0, 1, 2, 3}
(b) A ∪ C = {0, 1, 2, 3, 4, 5}
(c) B ∪ C = {1, 2, 3, 4, 5}.

Recall that there is no need to repeat elements in a set. Clearly the order of the union is unimportant
so A ∪B = B ∪ A.

HELM (2008):
Section 35.1: Sets
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Task

Given A = {2, 3, 4, 5, 6}, B = {2, 4, 6, 8, 10} and C = {3, 5, 7, 9, 11} state
(a) A∪B (b) (A∪B)∩C (c) A∩B (d) (A∩B)∪C (e) A∪B∪C

Your solution

Answer

(a) A ∪B = {2, 3, 4, 5, 6, 8, 10}
(b) We need to look at the sets (A ∪ B) and C. The elements common to both of these

sets are 3 and 5. Hence (A ∪B) ∩ C = {3, 5}.
(c) A ∩B = {2, 4, 6}
(d) We consider the sets (A ∩ B) and C. We form the union of these two sets to obtain

(A ∩B) ∪ C = {2, 3, 4, 5, 6, 7, 9, 11}.
(e) The set formed by the union of all three sets will contain all the elements from all the

sets:

A ∪B ∪ C = {2, 3, 4, 5, 6, 7, 8, 9, 10, 11}

12 HELM (2008):
Workbook 35: Sets and Probability
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Exercises
1. Given a set A, its complement A′ and a universal set S, state which of the following expressions

are true and which are false.

(a) A ∪ A′ = S (b) A ∩ S = ∅ (c) A ∩ A′ = ∅
(d) A ∩ A′ = S (e) A ∪ ∅ = S (f) A ∪ ∅ = A
(g) A ∪ ∅ = ∅ (h) A ∩ ∅ = A (i) A ∩ ∅ = ∅
(j) A ∪ S = A (k) A ∪ S = ∅ (l) A ∪ S = S

2. Given A = {a, b, c, d, e, f}, B = {a, c, d, f, h} and C = {e, f, x, y} obtain the sets:

(a) A ∪B (b) B ∩ C (c) A ∩ (B ∪ C)
(d) C ∩ (B ∪ A) (e) A ∩B ∩ C (f) B ∪ (A ∩ C)

3. List the elements of the following sets:

(a) A = {x : x is odd and x is greater than 0 and less than 12}
(b) B = {x : x is even and x is greater than 19 and less than 31}

4. Given A = {5, 6, 7, 9}, B = {0, 2, 4, 6, 8} and S = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} list the elements
of each of the following sets:

(a) A′ (b) B′ (c) A′ ∪B′

(d) A′ ∩B′ (e) A ∪B (f) (A ∪B)′

(g) (A ∩B)′ (h) (A′ ∩B)′ (i) (B′ ∪ A)′

What do you notice about your answers to (c),(g)?

What do you notice about your answers to (d),(f)?

5. Given that A and B are intersecting sets, i.e. are not disjoint, show on a Venn diagran the
following sets

(a) A′ (b) B′ (c) A ∪B′ (d) A′ ∪B′ (e) A′ ∩B′

Answers

1.(a) T, (b) F, (c) T, (d) F, (e) F, (f) T, (g) F, (h) F, (i) T, (j) F, (k) F), (l) T.

2.(a) {a, b, c, d, e, f, h}, (b) {f}, (c) {a, c, d, e, f}, (d) {e, f}, (e) {f}, (f) {a, c, d, e, f, h}.

3.(a) {1, 3, 5, 7, 9, 11}, (b) {20, 22, 24, 26, 28, 30}.

4.(a) {0, 1, 2, 3, 4, 8}, (b) {1, 3, 5, 7, 9}, (c) {0, 1, 2, 3, 4, 5, 7, 8, 9}, (d) {1, 3},

(e) {0, 2, 4, 5, 6, 7, 8, 9}, (f) {1, 3}, (g) {0, 1, 2, 3, 4, 5, 7, 8, 9}, (h) {1, 3, 5, 6, 7, 9},

(i) {0, 2, 4, 8}.

5.

A B

S S S S S

A B A B A B A B

(a) (b) (c) (d) (e)

HELM (2008):
Section 35.1: Sets
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Math Formulas: Set Identities

Definitions:

Universal set : I

Empty set: ∅
Union of sets

1. A ∪B = {x : x ∈ A or x ∈ B}

Intersection of sets

2. A ∩B = {x : x ∈ A and x ∈ B}

Complement

3. A′ = {x ∈ I : x 6∈ A}

Difference of sets

4. A \B = {x : x ∈ A and x 6∈ B}

Cartesian product

5. A×B = {(x, y) : x ∈ A and y ∈ B}

Set identities involving union

Commutativity

6. A ∪B = B ∪A

Associativity

7. A ∪ (B ∪ C) = (A ∪B) ∪ C

Idempotency

8. A ∪A = A

Set identities involving intersection

Commutativity

9. A ∩B = B ∩A

Associativity

10. A ∩ (B ∩ C) = (A ∩B) ∩ C

Idempotency

11. A ∩A = A

Set identities involving union and intersection

Distributivity

1
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12. A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C)

13. A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C)

Domination

14. A ∩∅ = ∅

15. A ∪ I = I

Identity

16. A ∪∅ = ∅

17. A ∩ I = A

Set identities involving union, intersection and complement

Complement of intersection and union

18. A ∪A′ = I

19. A ∩A′ = ∅

De Morgan’s laws

20. (A ∪B)
′
= A′ ∩B ′

21. (A ∩B)
′
= A′ ∪B ′

Set identities involving difference

22. B \A = B \ (A ∪B)

23. B \A = B ∩A′

24. A \A = ∅

25. (A \B) ∩ C = (A ∩ C) \ (B ∩ C)

26. A′ = I \A

2
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Binomial Theorem for Positive Integral Index

Statement of the Theorem

Let us define ‘a’ as the first term, ‘x’ as the second term and ‘n’ as the exponent. When n is a positive 

integer, then 

for all values of a and x. 

This formula is known as Binomial Theorem.

Notes:

1 1 2 2 3 3

1 2 3( ) ........ ........n n n n n n n n n n r r n

ra x a C a x C a x C a x C a x x− − − −+ = + + + + + + +

( )
!

! !

! .( 1).( 2).......3.2.1

5! 5.4.3.2.1 120

n

r

n
C

r n r

n n n n

=
−

= − −

= =



Properties:

▪ The first term     and        last term of the expansion                 . 

▪ The total number of terms in the expansion of               is n + 1, i.e. one more than the exponent n. 

▪ The sum of the exponents (indices) of ‘x’ and ‘a’ in any terms is equal to n. 

▪ The exponent of ‘a’ decreases by 1 from ‘n’ to ‘0’. 

▪ The exponent of ‘x’ increases by 1 from ‘0’ to ‘n’.

▪ Since                         and                             the binomial theorem can be written as:

▪

1 1 2 2 3 3

0 1 2 3( ) ........ ........n n n n n n n n n n n r r n n

r na x C a C a x C a x C a x C a x C x− − − −+ = + + + + + + +

( )  
n

a x+

( )  
n

a x+

na nx

0 1n n

nC C= = 1 1

n n

nC C n−= =

1 1 2 2 3 3 1

2 3( ) ........ ........n n n n n n n n n r r n n

ra x a na x C a x C a x C a x nx x− − − − −+ = + + + + + + + +



▪ The coefficients                                  in the expansion follow a certain pattern known as Pascal’s 

triangle.

▪ The coefficient of the second term and the second from the last term is n.

▪ The coefficients of the expansion are symmetric.

▪ Since                                       that occur as the coefficient of the respective terms in the expansion of        

are known as binomial coefficients in the expansion of              . 

▪ Since                    the binomial coefficient of the terms equidistant from the beginning and the end are 

equal.

0 1 2, , ,.........,n n n n

nC C C C

( )  
n

a x+

1

n n

r rC C −=

0 1 2, , ,.....n n n n

nC C C C

( )  
n

a x+



Example 1. Write down the expansion of the following binomial expression

Solution:  

( )
4

2x y+

( )

( ) ( ) ( ) ( )

4

1 2 3 44 4 3 4 2 4

1 2 3

4 3 2 2 3 4

4 3 2 2 3 4

4 3 2 2 3 4

2

. . 2 . . 2 . . 2 2

4! 4! 4!
.2 .4 .8 16

1!3! 2!2! 3!1!

4.3! 4.3.2! 4.3!
.2 .4 .8 16

3! 2.1.2! 3!

8 24 32 16

x y

x C x y C x y C x y y

x x y x y xy y

x x y x y xy y

x x y x y xy y

+

= + + + +

= + + + +

= + + + +

= + + + +

( )
!

! !

! .( 1).( 2).......3.2.1

5! 5.4.3.2.1 120

n

r

n
C

r n r

n n n n

=
−

= − −

= =

Notes:



Example 2. Write down the expansion of the following binomial expression

Solution: 

( )
7

3 7x +

( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

7

7 6 1 5 2 4 3 3 4 2 5 1 6 77 7 7 7 7 7

1 2 3 4 5 6

7 7 6 6 5 5 2 4 4 3 3 3 4

2 2 5 1 1 6 7

7 7

3 7

3 . 3 . 7 . 3 . 7 . 3 . 7 . 3 . 7 . 3 . 7 . 3 . 7 7

7! 7! 7! 7!
3 .3 .7 .3 .7 .3 .7 .3 .7

1! 7 1 ! 2! 7 2 ! 3! 7 3 ! 4! 7 4 !

7! 7!
.3 .7 .3 .7 7

5! 7 5 ! 6! 7 6 !

7.6!
3 .

6!

x

x C x C x C x C x C x C x

x x x x x

x x

x

+

= + + + + + + +

= + + + +
− − − −

+ + +
− −

= + 6 6 5 5 2 4 4 3 3 3 4

2 2 5 1 1 6 7

7 6 5 4

3 2

7.6

9

.5! 7.6.5.4! 7.6.5.4.3!
3 . .7 .3 . .7 .3 . .7 .3 . .7

2.5! 3.2.4! 4.3.2.3!

7.6.5.4.3.2! 7.6!
.3 .7 .3 .7 7

5.4.3.2.2

2187 35,721 2,50,047 9,72,405

22,68,945 31 2

!

,76,523 4,70,62

6!

x x x x

x x

x x x x

x x

+ + +

+ + +

= + + +

+ + +  8,23,543x +



APPLICATIONS OF THE BINOMIAL THEOREM

The main application of the binomial theorem is to help us to expand a binomial expression to any given 

power without direct multiplication more easily and conveniently. Other than that, the binomial theorem is 

also used in:

(a) probability theory for probabilistic analyses; 

(b) higher mathematics for solving problems in algebra, calculus, combinatorics and many other areas; 

(c) scientific research for solving impossible equations (e.g. Einstein equations); 

(d) forecast services such as weather forecast, disaster forecast, etc; 

(e) in architecture to giving shape and determining the areas of infrastructure; and

(f) giving ranks to the candidate.



SOME PARTICULAR CASES

If n is a positive integer, then

In particular, 

1. Replacing ‘x’ by (−x) in (i), we get

2. Adding (i) and (ii), we get

1 1 2 2 3 3

1 2 3( ) ........ ........ ( )n n n n n n n n n n r r n

ra x a C a x C a x C a x C a x x i− − − −+ = + + + + + + +

1 1 2 2 3 3

1 2 3( ) ........ ( 1) ........ ( 1) ( )n n n n n n n n r n n r r n n

ra x a C a x C a x C a x C a x x ii− − − −− = − + − + + − + + −

2 2 4 4

2 4

]

( ) ( ) 2[ ........

sum of terms 

......

d

]

at od  places2[

n n n n n n na x a x a C a x C a x− −+ + − = + + +

=



3.     Subtracting (ii) from (i), we get

4.       Replacing a by 1 in (i), we get 

5.      Replacing “a” by “1” and “x” by “(−x)” in (i), we get 

1 1 3 3 5 5

1 3 5(

]

) ( ) 2[ .........

sum of terms 

....

at even

]

 l

.

2[ p aces

n n n n n n n na x a x C a x C a x C a x− − −+ − − = + + +

=

1 2 3

1 2 3(1 ) 1 ........ ........n n n n n r n

rx C x C x C x C x x+ = + + + + + + +

1 2 3

1 2 3(1 ) 1 ........ ( 1) ........ ( 1)n n n n r n r n n

rx C x C x C x C x x− = − + − + + − + + −



PROPERTIES OF THE BINOMIAL COEFFICIENTS

The binomial coefficients have two important properties: 

(i) The sum of all the binomial coefficients is 

(ii) The sum of all the odd binomial coefficients is equal to the sum of all the even binomial coefficients and 

each in equal to        . 

Proof: (i) In the binomial expression, we have 

where                                             are called binomial coefficients. 

Putting a= x = 1 in equation no. (i), we get

Thus the sum of all the binomial coefficients is 

1 1 2 2 3 3

0 1 2 3( ) ........ ........ ( )n n n n n n n n n n n r r n n

r na x C a C a x C a x C a x C a x C x i− − − −+ = + + + + + + +

0 1 2 3, , , ,........,n n n n n

nC C C C C

0 1 2 3 ........ 2n n n n n n

nC C C C C+ + + + + =

2n

2n

12n−



(ii) Putting a = 1 and x = −1 in equation no. (i), we get 

Thus, the sum of all odd binomial coefficients = the sum of all even binomial coefficients. 

Again, each of them  

0 1 2 3 4 5

0 2 4 1 3 5

0 ........

, ........... ............

n n n n n n

n n n n n n

C C C C C C

or C C C C C C

= − + − + − +

+ + + = + + +

1

2

0 1 2 3

1

0 2 4 1 3 5

( )

1
( ........ )

2

1
2 2

2

. , ........ .........

n n n n n

n

n n

n n n n n n

sum of them

C C C C C

i e C C C C C C

−

= 

=  + + + + +

=  =

+ + + = + + +



General Term of 

Let      be the rth term of  the binomial expansion                then we see that

Thus, generalizing this, we get ,

Notes: (a) General term of                is

(b) General  term of             is   

( )  
n

a x+

rt ( )  
n

a x+
0 0

1 0 1 0

1 1

2 1 1 1

2 2

3 2 1 2

n n

n n

n n

t t C a x

t t C a x

t t C a x

−

+

−

+

−

+

= =

= =

= =

1

n n r r

r rt C a x−

+ =

( )1  
n

x+ 1

n r

r rt C x+ =

( )1 - 
n

x 1 ( 1) .r n r

r rt C x+ = −

0 1 1 2 2 3 3 0

0 1 2 3( ) ........ ........n n n n n n n n n n n r r n n

r na x C a x C a x C a x C a x C a x C a x− − − −+ = + + + + + + +



Example 4. Find the general term in the expansion of                 

Solution: General term,                             .Here,  

Example 5. Find the general term in the expansion of 

Solution: Here, 

General term,

12

3

2

1
x

x

 
+ 

 

( )
12

12 3

1 2

12 36 3

2

12 36 5

1
. .

1
. .

.

r
r

r r

r

r r

r

r

t C x
x

C x
x

C x

−

+

−

−

 
=  

 

=

= 8
1

x
x

 
− 

 

( )
88

1

8 8

8 8 2

1
. .

1
( 1) . .

( 1) .

r
r

r r

r r

r r

r r

r

t C x
x

C x
x

C x

−

+

−

−

 
= − 

 

= −

= −

1

n n r r

r rt C a x−

+ =
3

2

1
12, ,n a x x

x
= = =

1
8, ,n a x x

x
= = = −



Example 6. Find 9th term of 

Solution: General term 

Here,

12
1

2

x

x

 
+ 

 

12 8 8

12

9 8 1 8

4 8 4 8

12

8

4 8 4

4 4

4

1
.

2

1 12! 1
. . .

2 8!4! 2

12 11 10 9
. .2

4 3 2

2 .495.

495

16

x
t t C

x

x x
C

x x

x

x

x

−

+

− −

− −

   
= =    

   

       
= =       

       

  
=

 

=

=

1

n n r r

r rt C a x−

+ =

1
12, , , 8

2

x
n a x r

x
= = = =



Example 7.  If the number of term in              be 11, find the 5th term and the value of n.  

Solution: The total number of terms in the expression of                is (n+ 1).

Thus              n+1=11

=>n=10

The 5th term in the expression of                is 

(1 )nx+

(1 )nx+

10(1 )x+

( )

( )

1

10 410 4

5 4 1 4

4

4

4

10, 4, 1,

. 1 .

10!
.

4! 10 4 !

10.9.8.7.6!

4.3.2.1.6!

210

n n r r

r rt C a x

n r a x x

t t C x

x

x

x

−

+

−

+

=

= = = =

= =

=
−

=

=



Finding Coefficient:

Example 9. Find the coefficient of     in the expansion of  

Solution: Let (r+1)th term contain 

( )

1

2

11
11 2

1

11 22 2

11 22 3

1
11, ,

1
. .

1
. .

.

n n r r

r r

r
r

r r

r

r r

r

r

t C a x

n a x x
x

t C x
x

C x
x

C x

−

+

−

+

−

−

=

= = =

 
=  

 

=

=

7x
11

2 1
x

x

 
+ 

 

The term will contain       if 

22-3r = 7

 3r =15

 r = 5

Therefore  (5+1) th = 6th term contain 

The coefficient

7x

7x

 11

5

11!

6!5!

11.10.9.8.7.6!

5.4.3.2.1.6!

462

C=

=

=

=



Example 10. In the expansion of                         , find the coefficient of         .

Solution: Let (r+1)th term contain                                                                       The coefficient 

Now, 

13

3

2

2
5a

a

 
− 

 

11a−

11a−

( )

( )

( )

1

3

2

13
13 3

1 2

13 13 39 3

2

13 13 39 5

2
13, 5 ,

2
. 5 .

2
.5 . .

5 . 2 . .

n n r r

r r

r
r

r r

r

r r

r r

rr r

r

t C a x

n a a x
a

t C a
a

C a
a

C a

−

+

−

+

− −

− −

=

 
= = = − 

 

 
= − 

 

−
=

= −

The term will contain           if   39-5r = -11

=>   5r =50

=> r = 10

Therefore  (10+1) th = 11th term contain 

11a−

11a−

( )
1013 10 13

10

3 10

3 10

5 . 2 .

13!
5 .2 .

10!3!

13.12.11.10!
5 .2 .

10!.3.2.1

36608000

C−= −

=

=

=





Finding Independent Term

Example 12. Find the term independent of x in the expansion of

Solution: Let (r + 1)th term is independent of x in the expansion 

of

Now 

6

2 2
x

x

 
− 

 

6

2 2
x

x

 
− 

 

( )

( )

( )

1

2

6
6 2

1

6 12 2

6 12 3

2
6, ,

2
. .

1
2 . . .

2 . .

n n r r

r r

r
r

r r

r r

r r

r r

r

t C a x

n a x x
x

t C x
x

C x
x

C x

−

+

−

+

−

−

=

= = = −

 
= − 

 

= −

= −

Clearly, the (r + 1)th term will be independent 

of x if 12 − 3r = 0 

or 3r = 12 

or r = 4 

Therefore, (4 + 1)th = 5th term is independent 

of ‘x’ and its value 

( )
4 6

4

6!
2 . 16.

4!2!

6.5.4!
16. 240

2.1.4!

C= − =

= =



Example 13. Find the term independent of x in

Solution: Let (r+1)th term be        independent of x,

Now,

The (r + 1)th term will be independent of x if

15

1
2x

x

 
− 

 

1rt +

( )

( ) ( )

( ) ( )

1

1515

1

15 15 15

2

3
1515 15 2

1
15, 2 ,

1
. 2 .

1
1 . 2 . . .

1 . 2 . .

n n r r

r r

r

r

r r

r r r

r r

r
r r

r

t C a x

n a x x
x

t C x
x

C x

x

C x

−

+

−

+

− −

−−

=

= = = −

 
= − 

 

= −

= −

3
15 0

2

3
15 10

2

r

r
r

− =

 =  =

Therefore, (10 + 1)th = 11th term is independent of ‘x’ 

and its value 

( ) ( )

( )

10 15 10 15

10

5

1 2 .

15!
2 .

10!5!

15.14.13.12.11.10!
32.

10.!5.4.3.2.1

96096

C
−

= −

=

=
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MIDDLE TERM (GREATEST CO-EFFICIENT)

The middle term of any expansion depends upon the value of index ‘n’. 

(i) If the value of index ‘n’ is even: 

The total number of terms in the expansion of                is (n+1) which is odd. So, there is only one middle 

term and it is                         term, i.e.                  term.

Therefore, the required middle term

( )
n

a x+

( 1) 1

2

n
th

+ + 
 
 

1
2

n
th

 
+ 

 

( ) ( )

1

2 2

1
22

. .

n n r r

r r

n n
n

nn

t C a x

t C a x

−

+

 
+ 

 

=

=



Example 15: Find the middle term in the expansion of

Solution: Here, the value of index ‘n’ = 8, which is even. 

So, the expansion has one middle term and it is                   term, i.e. 5th term. 

Therefore, the required middle term

( )
8

a x+

8
1

2
th

 
+ 

 

( )

1

8 4 4

5 4 1 4

4 4

4 4

4 4
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a x

a x
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+
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=
−

=

=

( ) ( )2 2

1
22

. .
n n

n

nn
t C a x
 
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 

=



Example 16: Find the middle term in the expansion of

Solution: Here, the value of index = 12, which is even. So, the expansion has one middle term and it is  term,                 

i.e. 7th term
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q
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 
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(ii) If the value of index ‘n’ is odd:

The total number of terms in the expansion of                is (n+1) which is even. So, there are two 

middle term and they are                        term and                             , i.e.                  Term.

Therefore, the required first middle term

Second middle term
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n

a x+

3

2

n
th
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Example 17: Find the middle term in the expansion of

Solution: Here, the value of index ‘n’ = 9, which is odd. 

So, the expansion have two middle term and it is                 term, i.e. 5th term and                    i.e. 6th term. 

Therefore, the required first middle term

Therefore, the required second middle term

( )
9

a x+

9 1

2
th

+ 
 
 

( )

1

9 5 4 5 4

5 4 1 4

5 4 5 4
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Example 18: Find the middle term in the expansion of

Solution:  Here, the value of index ‘n’ = 13, which is odd.

So, the expansion have two middle term and it is                    term, i.e. 7th term and                          i.e. 8th term. 

Therefore, the required first middle term

Therefore, the required second middle term
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13. If the fifth term of the expansion                     does not contain ‘a’, then n is equal to:

(a) 10           (b) 12             (c) 9            (d) 11.

Solution:

Now,

2/3 1
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14. Find the value of 

(a) 128           (b) 127             (c) 126           (d) 129

Solution:

15. Find the value of 

(a) 10           (b) 12             (c) 0            (d) 11.

Solution: 

7 7 7 7

1 2 3 7.....C C C C+ + + +

7 7 7 7

1 2 3 7

7 7 7 7
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7 7 7 7 7
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16. Find the coefficient of x in the expansion of 

(a) 10           (b) 12             (c) 0            (d) 11.

Solution:

∴ Coefficient of                                        and x has no other coefficient in the product.

∴ Required coefficient = –56 + 210 = 154
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Definition of Logarithms

• Consider the equation
where

• Then x is said to be the logarithm of N to the 
base a.

• written as 

• read as x is logarithm of N to the base a

• a is called the base 
• x is called the index

Na x =
1  a  , 0a 

Nlogx a=



Example 
:

1624 =

16log4 2=

8

1
2 3 =−

8

1
log3 2=−



Special cases:

(i)

Logarithm of 1 to any non zero base is zero.
example :

1log0     then  10

aa ==

01log 5 =



(ii)

Logarithm to any number to itself as base is 1
example :

aaa a

1 log1      then  ==

14log 4 =



Laws of Logarithm

Law 1 : ( ) ( ) ( )nmnm aaa logloglog +=



Change of Base

bmm aba log    log    log =



1    log    log = ba ab

Corollary :



Example 1

Find the logarithm of 2025 to the base 3√5.



Example 2

The logarithm of a number to the base √2 is k.
What is its logarithm to the base 2√2.




